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Abstract— In this extended abstract we give a brief
introduction to our work [1]. We propose a foothold evaluation
criterion that considers the transition feasibility for both linear
and angular dynamics to overcome complex scenarios. We
present convex and nonlinear formulations as a direct extension
of [2] in a receding-horizon fashion to take into account
also angular dynamics. The criterion is integrated with a
Vision-based Foothold Adaptation (VFA) strategy that considers
robot kinematics, leg collisions and terrain morphology. We
verify the validity of the selected footholds and of the generated
trajectories in simulation and experiments with the 90kg
quadruped robot HyQ.

Paper type – Recent Work [1]

I. INTRODUCTION

Optimization-based techniques allow legged robots to
react, adapt and navigate in complex scenarios, choosing a
trajectory for the motion of its base, and decide a feasible
contact sequence for its feet to follow the base. Motions
and contacts need to be both dynamically (e.g., inside
the torque limits of the robot’s actuators or not falling)
and kinematically feasible (e.g., inside the joints’ range of
motion).

We categorize two main ways to tackle the problem:
(a) coupled approaches, in which the base trajectory
and footholds are optimized jointly, and (b) decoupled
approaches, in which the footholds are selected first and then
the trajectory is optimized to follow the footholds.

Coupled approaches find a reference (position and
orientation) for the body, contact locations (footholds), and
inputs (ground reaction forces (GRFs), torques), for a defined
planning horizon. The main advantage of coupled approaches
is that we can guarantee that the trajectories are realizable
by the robot, enforcing kinematic and dynamic constraints
in the formulation. In particular, [3] uses the single rigid
body dynamics model (SRBDM) to make the nonlinear
program treatable, [4] solves the optimization problem via
sequential linear quadratic and [5] computes gait pattern,
contact sequence, and center of mass (CoM) trajectories as
an outcome of a mixed-integer convex programs. However,
all of these suffer from large computational times and risk
getting stuck in local minima.

Decoupled approaches, instead, outsource the foothold
selection to an external module. This reliefs computational
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Fig. 1: Snapshots of the HyQ robot climbing stair scenario using the
proposed foothold evaluation criterion for dynamic transition feasibility.

effort from the optimization, since the foothold positions
have a nonlinear relationship with the CoM position
[6]. Kalakrishnan et al. [7] discretized the problem by
considering templates corresponding to portions of the map
in the vicinity of a nominal landing position. Inspired by this,
methods have resourced to template-based foothold selection
using learning-based [8], [9], [10], [11], [12], [13] or fast
optimization [14], [15] strategies. The main drawback is that
there is no guarantee that given the selected footholds a
dynamically feasible trajectory for the CoM exists. Fernbach
et al. [2] presented a method to evaluate the transition
feasibility of a motion with contact switches. The method
relies on the parameterization of the trajectory of the CoM
as a Bézier curve, which allows to pose the problem as a
quadratic program. The method here presented is based on
[2].

Our main contributions are:
1) A dynamic transition feasibility foothold evaluation

that considers linear and angular dynamics of
the SRBDM. We implemented in simulation and
experiments two formulations that consider CoM
motion and base orientation; a convex one (based on
[2]) that includes angular dynamics without breaking
convexity and a novel nonlinear approach.

2) A comparison between a convex and a nonlinear
formulation for different scenarios in terms of quality
of the generated trajectories.

In this extended abstract we mainly expose the first point.

II. CONTACT TRANSITION FEASIBILITY WITH ANGULAR
DYNAMICS

Starting from [2], we include angular quantities
to the set of states. Thus, a state is defined as
x(t) = [c(t) ċ(t) c̈(t) Θ(t) Θ̇(t) Θ̈(t)]ᵀ ∈ R6×3, where c
is the position of the CoM and Θ is the orientation of the
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Fig. 2: Example of sub-horizon partitioning. The CoM trajectory connecting
the initial (x0) and the final (xf ) states is partitioned into multiple
sub-horizons. Each of them is labeled according to an increasing index
i and is subject to a different set of constraints.

base, expressed in terms of roll (φ), pitch (γ) and yaw (ψ)
angles.

A feasible dynamic transition subject to dynamics
constraints that connects two sets of states is defined as
f(t) : x(t0)→ x(tf ), tf > t0, where t0 and tf correspond
to the initial and final states respectively. We employ
continuously differentiable, parametric curves to describe
position and orientation.

A. Time horizon description

We choose to express the considered time horizon in
terms of contact switches to have a general description,
applicable to any type of gait. A contact switch happens
whenever any foot makes or breaks a contact with the
ground. We define a contact switch horizon (CSH) as the
number of non-simultaneous contact switches occurring in
the considered period T = tf − t0.

We adopt a CSH partitioning method (sub-horizon, Fig.
2). We choose to limit each sub-horizon to two contact
switches to prevent the reduction of the solution space.
Such limit is specifically chosen to connect two sub-sequent
stance phases, i.e., lift-off and touchdown of the same leg.
Then, to evaluate an arbitrarily large CSH, we concatenate
multiple sub-horizons by means of continuity constraints in
the way-points (connection points between sub-curves).

We adopt the SRBDM to assert dynamic transition
feasibility:

[
m(c̈− g)

mc× (c̈− g) + L̇

]
︸ ︷︷ ︸

w

=

[
I3 . . . I3

[p1]× . . . [pj ]×

]
︸ ︷︷ ︸

A

f (1)

where g is the gravity vector, I3 ∈ R3×3 is the identity
matrix, f = [f1 . . . fj ]

ᵀ, fj ∈ R3 is the GRF associated
to the jth at point pj ∈ R3 expressed in the world frame
and m is the robot’s mass. We express L̇ as a function of
the angular quantities (orientation, rate and acceleration) by
analytically differentiating L = IWω, where ω is angular
velocity of the rigid body expressed in the CoM frame.

L̇ = TΘ̇× IWTΘ̇︸ ︷︷ ︸
İWω

+ IW · (ṪΘ̇ + TΘ̈)︸ ︷︷ ︸
IWω̇

(2)

Note that (2) is a highly nonlinear expression that depends
on Θ and its derivatives.

In the following sections we describe the two proposed
formulations (convex and nonlinear) to solve the dynamic
transition feasibility problem while accounting for the rate
of change of angular momentum L̇. The first formulation
aims at preserving the convexity of the problem, thus making

it less computationally demnding and not prone to local
minima, at the cost of a more limited solution space. The
second formulation offers a wider solution space with a
larger computational cost.

B. Convex formulation

For each sub-horizon we parameterize the CoM trajectory
with an 8th order Bézier curve to define the trajectory up
to its third analytical derivative. Each sub-curve has a free
control point The collected points are used as optimization
variables (ρ). To include the angular momentum rate L̇
preserving convexity, we define L̇ as an optimization variable
and compute a desired L̇ref , which is then tracked by
including the term ‖ L̇ − L̇ref ‖22 in the cost function. To
compute L̇ref , we define a desired angular behaviour of the
robot by designing Bézier curves for the angular variables
(Θ, Θ̇, Θ̈) and then computing the angular momentum
rate with the full expression (2). We then formulate the
optimization problem as:

min
ρ,f ,L̇

N ·i∑
k=0

‖ L̇k − L̇ref, k ‖22 + ‖ c̈k(ρi) ‖22

subject to wk(ρi) = Akfk (3a)
0 ≤ fz, k ≤ fmax (3b)
|fx, k| ≤ µfz, k, |fy, k| ≤ µfz, k (3c)

where fmax is an upper limit for the z direction of the force
that the robot can exert on the ground. The tracking cost for
the desired angular momentum rate is given by ‖ L̇−L̇ref ‖22
and we minimize the accelerations (‖ c̈(ρ) ‖22) to incentivize
smoother trajectories. This first method of including L̇ 6= 0
differs from [2] since we are not directly including L̇ as a
parametric curve, but rather expressing L̇ as a function of a
desired angular trajectory.

C. Nonlinear formulation

We present an alternative formulation to the one presented
in Section II-B. The main difference is that herein we aim
to directly optimize the trajectories of the angular quantities
along the CSH, instead of using them as parameters to
generate and track a desired L̇. The problem is nonlinear
due to the dependency of L̇ with respect to the angular
position, velocity and acceleration. We then define a set of
enhanced states as x = xd + xv , composed by a desired
xd =

[
cd ċd c̈d Θd Θ̇d Θ̈d

]ᵀ
and a variable

xv =
[
∆c 0 ∆c̈ 0 0 0

]ᵀ
part, where ∆c ∈ R3 and

∆c̈v ∈ R3 are decision variables.
We consider velocity and position/orientation variables as

commanded quantities. Although they are not enhanced, they
are still allowed to vary in between user-defined states in
order to reach the designated value at each way-point while
fulfilling the imposed constraints. The optimization problem



Fig. 3: Locomotion control pipeline used to implement the proposed foothold evaluation strategies in both experiments and simulations.

Fig. 4: Comparison of Vision-based Foothold Adaptation (VFA) (terrain
roughness, kinematic reachibility, collisions) versus dynamic foothold
evaluation for the RF foot during stair climbing. In the case of the VFA
evaluation, green pixels indicate safe landing locations and black unsafe. For
the dynamic evaluation black pixels are dynamically infeasible footholds and
we show the cost from the solution of (4a) indicated by the colorbar.

is then built as follows:

min
ρ,f ,∆c,∆c̈,Θ,Θ̇,Θ̈

N ·i∑
k=0

‖ L̇k ‖22 + ‖ c̈k(ρi, ∆c̈i) ‖22 (4a)

subject to wk(ρi,∆ci,∆c̈i) = Akfk (4b)

L̇k = L̇f (Θk, Θ̇k, Θ̈k) (4c)
X0 = Xf (4d)
0 ≤ fz, k ≤ fmax (4e)
|fx, k| ≤ µfz, k, |fy, k| ≤ µfz, k (4f)

where the cost function is similar to the one adopted in
the convex formulation. The main difference consists in
‖ L̇k ‖22, which is a cost term that aims at reducing the
angular variation rather than tracking a reference behavior,
helping to incentivize less aggressive motions for the angular
quantities. We then consider (2) as a constraint dependent in
the angular quantities defined as L̇f (Θ, Θ̇, Θ̈) and account
for these quantities as decision variables.

This formulation is computationally more expensive than
the convex formulation and it is prone to local minima,
but the output trajectories present less peaks in acceleration
compared to the convex formulation solutions. In addition,
this method does not require to set extra constraints to
maintain physical consistency.

III. RESULTS

In this section we demonstrate the effectiveness of the
proposed evaluation criterion for both formulations. We
show an example of an evaluation of a series of contact
locations for foothold selection and verify the feasibility
of the generated trajectories in a stair climbing scenario.
Additional results on flat terrain are reported in [1] and
shown in the attached video 1.

1https://www.youtube.com/watch?v=2rBopUquyrc

A. Implementation details

To verify the feasiblity of the generated trajectories
provided by the foothold evaluation, we adopt the control
scheme shown in Fig. 3. The Foothold Reference Generator
is in charge of generating the foothold positions with
respect to the actual CoM states and foothold positions
(xact, pact), according to the user commanded velocity.
The reference foothold positions are evaluated with the
VFA [9], which discards unsuitable footholds according to
geometric constraints around a nominal foothold, which is
located at the centre of the heightmap. The footholds are
adapted by selecting the safe foothold (according to the VFA)
that is closest to the nominal one. The adapted footholds
p∗ ∈ Rnc×3 are sent to both the Dynamic Optimizer and
IK blocks, for all the contact points nc. The Dynamic
Optimizer block encapsulates the methods presented in
this paper, which evaluate the dynamic feasibility of the
foothold. If the adapted foothold is dynamically unfeasible,
the feasibility of neighbouring footholds is assessed until a
dynamically feasible one is found. Additional information on
this procedure can be found in [1]. Regarding computation
times, the convex formulation takes 2.90s for the stair
scenario and 2.96s for the flat scenario in average over
multiple trials to solve the optimization problem, whereas
the nonlinear formulation takes 12.78s for the stair scenario
and 8.0s for the flat scenario.

B. Foothold Dynamic Feasibility Evaluation

We evaluate the dynamic transition feasiblity on a stair
climbing scenario. We compute a set of nominal future
foothold locations assuming a periodic gait during one gait
cycle (as described in [16]) and then we correct them
with the VFA [9]. Subsequently, we check if there exists
a trajectory that solves the problem formulated in (4a) for
every candidate foothold. If the solution exists, the foothold
is deemed dynamically feasible. Additionally we compute a
cost map to visualize the ”quality” of the solution provided
by each candidate foothold. Fig. 4 shows an example of
evaluated candidate footholds for the RF leg during a crawl
while climbing stairs. Each pixel in the figure represents a
candidate landing location. The importance of the Dynamic
Optimizer is evident since some footholds deemed feasible
using the VFA (Fig. 4 on the left) are discarded since no
feasible trajectories to solve (4a) was found.

C. Experiments

Section V-C of [1] shows and discusses simulation
results, while in this section we evaluate the hardware
feasibility of the optimized trajectories on the quadruped

https://www.youtube.com/watch?v=2rBopUquyrc


Fig. 5: Stairs experiment with nonlinear approach. For the top two plots,
dashed lines are reference and solid lines are tracking signal. The top plot
shows the CoM trajectory tracking on the xy plane and the middle plot
shows the pitch tracking. On the last row we show the feet trajectories,
where LF:Left Front, RF:Right Front, LH:Left Hind, and RH:Right Hind.

robot hydraulically actuated quadruped robot HyQ [17]. We
decided to test the trajectory generated by the nonlinear
formulation since it is the one that proved better in terms
of generated trajectories. The scenario tested is shown in the
snapshots of Fig. 1. It consists of climbing and descending
two steps of 8cm each. Fig. 5 shows the tracking of the CoM
trajectory on the xy plane and the pitch of the robot. As it
can be seen, the robot is able to cross the scenario with a
low tracking error in both position and orientation

IV. CONCLUSIONS

We presented a foothold evaluation criterion to assess
the existence of dynamically feasible trajectories for legged
locomotion that considers both linear and angular dynamics
[1]. We extended the method in [2] by formulating the
problem allowing variations in the angular momentum along
the trajectory (i.e., L̇ 6= 0) as a function of a desired
angular trajectory. We presented two different formulations
(a convex and a nonlinear) both able to generate feasible
CoM trajectories.

As future work we aim to extend the proposed
formulations to include more dynamic gaits, such as trot, and
to design a learning algorithm that is able to approximate the
proposed formulations, reducing computational burden.
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